Abstract. We study the two-dimensional generalized magnetohydrodynamics-α system with fractional Laplacians in the dissipative and diffusive terms. We show that the solution pair of velocity and magnetic fields preserves their initial regularity in all cases when the powers add up to one. This settles the global regularity issue in the general case which was remarked by the authors in [33] to be a problem.
Introduction
We study the following two-dimensional generalized magnetohydrodynamics (MHD)-α system:
where we denote v = (v 1 , v 2 ), u = (u 1 , u 2 ), b = (b 1 , b 2 ) and π, the velocity, the filtered velocity, the magnetic and the pressure fields respectively. We also denote ν, η ≥ 0 the viscosity and diffusivity constants respectively and the fractional Laplacians defined through Fourier transform by Λ ri f (ξ) = |ξ| rif (ξ), i = 1, 2.
with their powers r i ≥ 0. Hereafter for simplicity let us write ∂ t = ∂ ∂t , ∂ i = ∂ ∂xi , i = 1, 2. Finally, α > 0 is the length-scale parameter representing the width of the filters.
Let us briefly discuss the rich history concerning the MHD−α system. Firstly, when b ≡ 0, r 1 = 1, the system (1a)-(1c) reduces to the viscous Camassa-Holm equations introduced in [5] which is well-known for its remarkable performance as a closure model of turbulence in infinite channels and pipes whose solutions give excellent agreement with empirical data for a wide range of large Reynolds numbers (cf. also [34] ). It has much connections with the Navier-Stokes equations (NSE) of which its significance in engineering applications and mathematical difficulty in showing the global regularity result is well-known.
Secondly, the system (1a)-(1c) is closely related to the generalized MHD system studied intensively since the work in [26] . The MHD system describes the motion of electrically conducting fluids and has broad applications in applied sciences such as astrophysics, geophysics and plasma physics (cf. [23] ). The mathematical analysis of the MHD system has attracted much attention in particular regarding the global regularity issue in two dimension (cf. [1] - [2] , [14] - [15] , [24] - [25] , [27] - [28] , [30] - [32] ).
Finally, the MHD−α system (1a)-(1c) of our main concern was introduced in [20] with r i = 1, i = 1, 2, purposely not filtering the magnetic field in contrast to the previous work. In a three-dimensional periodic domain, the authors in [20] obtained the global existence of the unique weak solution pair (v, b) via Galerkin approximation and a priori estimates and also obtained convergence as α → 0. In fact, it is shown in [36] that when ν, η > 0, r i = 1 ∀i, the MHD−α system allows a unique weak solution to exist even in dimension four. We also refer to [6] , [10] , [13] and references therein for relevant work on related systems such as the Leray−α model, modified Leray-α subgrid scale model of turbulence and Bardina models. In particular that in [22] fractional Laplacians with various powers were taken into account in the study of such regularized models in a three-dimensional torus. Moreover, these regularized models have had much influence in the study of related equations, e.g. active scalars including the surface quasi-geostrophic equations (e.g. [7] , [19] , [29] ).
We now motivate our study. In [9] the authors showed that for the system (1a)-
, the solution remains in such a space for all time in two cases: ν > 0, η = 0, r 1 = 1 or ν = 0, η > 0, r 2 = 1. Similar results on a closely related system is also shown in [35] . In [33] the authors in particular observed that when ν, η > 0, r 1 = r 2 = 1 2 , the solution pair to the system (1a)-(1c) remains smooth for all time. However, it was stated in [33] that the global regularity issue in case r 1 + r 2 = 1 in general is a problem. We give an affirmative solution to this problem:
Remark 1.1.
(1) Theorem 1.1 solves the problem remarked in [33] Remark 1.1 and extends the result of [9] as well. Moreover, because the system (1a)-(1c) at b ≡ 0, r 1 = 1 reduces to the viscous Camassa-Holm equation, our results also extend the study in that direction of research.
(2) As can be seen in the subsequent sections, the proof of Theorem 1.1 indeed required a series of delicate estimates. The case r 1 > 1 2 displayed difficulty due to the fact that because the velocity is filtered and dissipation strength is relatively stronger than that of diffusion, one is inclined to estimate the velocity equation first before the magnetic field equation. Indeed, one of the special feature of the system (1a)-(1c) is the simplicity of the vorticity formulation (see (21) ) so that in its L 2 -estimate, the only non-linear term that needs to be dealt with is ∇ × ((b · ∇)b). The challenge is how to raise the regularity of b to a level that we can handle this term, in particular when the diffusivity strength is relatively weak. Even if one compromises and estimates the velocity field before vorticity, the term (b · ∇)b gives a problem. In the case r 2 > 1 2 , it was also crucial to rely on the vorticity formulation (see Proposition 4.2). (3) It seems to be an interesting problem whether the global regularity result can be extended below the threshold of r 1 + r 2 = 1. (4) We would like to note the work on the two-dimensional Boussinesq system in [3] , [11] - [12] by which our work was partially inspired.
In the Preliminaries section, let us set up notations, state some key facts and useful lemmas. Subsequently, we prove a priori estimates in the case [33] . Thereafter we conclude discussing the proof of Theorem 1.1.
Preliminaries
Without loss of generality, let us assume ν = η = α = 1. Let us use the notation A a,b B, A ≈ a,b B to imply that there exists a non-negative constant c that depends on a, b such that A ≤ cB, A = cB respectively. We write in a standard form the vorticity w = ∇ × v and current density j = ∇ × b.
Let us firstly obtain the conserved quantities. We have after taking L 2 -inner products on (1a)-(1b) with (u, b) respectively and integrating in time,
(2) We now state some key lemmas:
3. A priori estimates: case
We fix r 1 ∈ 1 2 , 1 , r 2 ∈ 0, 1 2 and first obtain the following key proposition:
Proof. We take L 2 -inner products on (1a) with Λ 2r1 u to obtain
On the other hand, for fixed r 2 > 0 we find
and take L 2 -inner products of (1b) with Λ 2γ b to obtain
We first estimate
L 2 ) by integration by parts using the incompressibility of u, Hölder's, Gagliardo-Nirenberg and Young's inequalities and (2). Next, for fixed r 1 ∈ 1 2 , 1 , we find
so that on I 2 from (4) we can estimate
by integration by parts and Hölder's inequalities. Now
by Gagliardo-Nirenberg inequality and (2). We also estimate similarly ∆u
by Gagliardo-Nirenberg inequality and (2). Taking into account of (10) and (11) in (9), we obtain
by Young's inequality. Next, clearly I 3 = 0 by incompressibility of u. Next,
by Hölder's inequalities. We use Gagliardo-Nirenberg inequality and (2) to bound
Considering (14) and (2) in (13) and using the Sobolev embedding ofḢ
by Young's inequality. Due to the incompressibility of u, I 5 = 0. Lastly,
by integration by parts using incompressibility of b, Hölder's inequality, the Sobolev embeddings ofḢ
Young's and Gagliardo-Nirenberg inequalities and (2). From (4), (7), (12), (15), (16) we thus have after absorbing the dissipative terms
(
by Hölder's inequality and Lemma 2.3, the Sobolev embeddings ofḢ
; we also used Young's inequality. Finally, we work on II 2 from (6):
by Hölder's inequality, Lemma 2.2, the Sobolev embeddings ofḢ
, and Young's inequality.
From (6), (18) and (19), absorbing the diffusive term we obtain
Summing (17) and (20) and using (2), Gronwall's inequality completes the proof of Proposition 3.1.
We make use of the vorticity formulation and obtain higher regularity:
Proof. We apply ∇× on (1a) and obtain
We take L 2 -inner products on (21) with w to obtain
by Hölder's inequality. Now for fixed r 2 ∈ 0, 1 2 , we can find
so that by Proposition 3.1,
We now use Gagliardo-Nirenberg and Young's inequalities and (2) to estimate the right hand side of (22) 
On the other hand, taking L 2 -inner products on (1b) with Λ 2+2r1 b, we obtain
(26) where we used that r 1 + r 2 = 1. We rewrite III 1 using the incompressibility of u and estimate
where we used Hölder's inequality, Lemma 2.3, the Sobolev embeddings ofḢ
, and Gagliardo-Nirenberg inequality. We bound (27) using Proposition 3.1 and Young's inequalities:
Next, we employ Hölder's inequality, Lemma 2.2, Gagliardo-Nirenberg inequality with same δ defined in (23), (2) and Young's inequalities to obtain
where we used that
Considering (22), (25), (26), (28), (29) we obtain after absorbing the dissipative and diffusive terms
Due to Proposition 3.1 and (24), Gronwall's inequality completes the proof of Proposition 3.2.
Proof. We take L 2 -inner products of (1b) with Λ 6 b to obtain
We use Hölder's inequality, Lemma 2.3, the Sobolev embedding of (2) and GagliardoNirenberg inequality to obtain
By (2) and Proposition 3.2, this gives us the bound of
Next, we use Hölder's inequality, Lemma 2.2, Gagliardo-Nirenberg inequalities, the Sobolev embedding of
, Proposition 3.2, and Young's inequalities to obtain (31) , (32) , after absorbing the diffusive term, Gronwall's inequality using Proposition 3.2 completes the proof of Proposition 3.3. Proof. For any p ∈ (2, ∞), we multiply (21) by |w| p−2 w, integrate in space to obtain by Hölder's inequality
L p . We use Lemma 2.4 to bound the dissipative term from below so that
Taking p → ∞, integrating in time, we obtain with
and Gagliardo-Nirenberg inequality. The bounds from (2), Propositions 3.2 and 3.3 imply that the right hand side is finite. Interpolating between p ∈ [2, ∞] using Proposition 3.2 completes the proof of Proposition 3.4. 
Proof. We take L 2 -inner products of (1a) with Λ 6 v and estimate
by Hölder's inequalities, Lemmas 2.3 and 2.2 and the Sobolev embedding ofḢ
. We furthermore bound this by
due to Gagliardo-Nirenberg inequality, Lemma 2.1 that implies (2), Propositions 3.3 and 3.4. After absorbing the dissipative term, Gronwall's inequality using Proposition 3.3 completes the proof of Proposition 3.5.
A priori estimates case
In the case r 2 > r 1 , because only the velocity is filtered, the relatively stronger diffusivity leads to a better balance. In fact, we can obtain the following proposition estimating only on b: 
Proof. We take L 2 -inner products on (1b) with Λ 2r2 b to estimate
by Hölder's inequalities. Now for fixed r 2 ∈ 1 2 , 1 , we find
so that we denote for clarity
and bound (33) by Lemma 2.2, Gagliardo-Nirenberg inequalities, the Sobolev embeddings ofḢ
and Young's inequality as follows:
After absorbing the diffusive term, Gronwall's inequality with (2) completes the proof of Proposition 4.1.
Proof. We take L 2 -inner products on (21) with w and obtain
by Hölder's inequality, Lemma 2.2, Gagliardo-Nirenberg and Young's inequalities and (2).
On the other hand, we take L 2 -inner products on (1b) with Λ 2+2r2 b to estimate
by Hölder's inequalities, Lemmas 2.3 and 2.2. We further bound this by
by the Sobolev embeddings ofḢ
, Gagliardo-Nirenberg and Young's inequalities and (2). Summing (36) and (37), absorbing dissipative and diffusive terms give 
Proof. We take L 2 -inner products of (1b) with Λ 4+2r2 to estimate
Firstly,
by Hölder's inequality, Lemma 2.3, Gagliardo-Nirenberg inequalities, the Sobolev embeddings ofḢ
. Using (2) and Proposition 4.2, we can furthermore bound this and use Young's inequalities to obtain
On the other hand,
, Gagliardo-Nirenberg and Young's inequalities, (2) and Proposition 4.2. Thus, considering (38), (39) and (40), after absorbing the diffusive term, Gronwall's inequality with (2) completes the proof of Proposition 4.3.
Next, we need to attain higher regularity on w:
Proof. We take L 2 -inner products on (21) with Λ 2r1+4r2 w to estimate
by Hölder's inequalities, Lemma 2.3, Gagliardo-Nirenberg inequalities, Propositions 4.2 and 4.3, and Young's inequality. After absorbing the dissipative term, Gronwall's inequality using Proposition 4.3 completes the proof of Proposition 4.4.
Proposition 4.5. Suppose ν, η > 0, 0 < r 1 < 1 2 , 1 2 < r 2 < 1 so that r 1 + r 2 = 1,
Proof. We take L 2 -inner products of (1b) with Λ 6 b to estimate
by Hölder's inequalities, Lemmas 2.3 and 2.2, Gagliardo-Nirenberg inequalities and the Sobolev embedding ofḢ
. We can use (2) and Proposition 4.3 that bounds
and Propositions 4.4 that bounds
due to Young's inequality. Hence after absorbing the diffusive term, Gronwall's inequality completes the proof of Proposition 4.5.
We can finally show that the initial regularity is preserved:
Proof. We take L 2 -inner products of (1a) with Λ 6 v to estimate 
by Gagliardo-Nirenberg inequalities, the Sobolev embedding of 
so that using properties of mollifiers, one can show via Picard Theorem, the global existence of the regularized solution pair which will lead through the process of obtaining a uniform bound locally in time and then using Alaoglu's theorem, the existence of the local solution pair to (1a)-(1c). We omit further details referring to [21] and [23] .
